ABSTRACT: A previously published refined shear deformation theory is used to analyse free vibration of laminated shells. The theory includes the assumption that the transverse shear strains across any two layers are linearly dependent on each other. The theory has the same dependent variables as first-order shear deformation theory, but the set of governing differential equations is of twelfth order. No shear correction factors are required. Free vibration of symmetric cross-ply laminated cylindrical shells, symmetric and antisymmetric cross-ply cylindrical panels is calculated. The numerical results are in good agreement with those from three-dimensional elasticity theory.
INTRODUCTION
C LASSICAL LAMINATION THEORY (CLT) based on the Kirchhoff-Love hypothesis [I] is the earliest theory ofthin shells laminated ofanisotropic material. However, transverse shear deformation effects are important in vibration analysis oflaminated shells. The first-order shear deformation theory (FSDT) for
• Author to whom correspondence should be addressed. laminated shells [2] [3] [4] is much more accurate than classical lamination theory for the prediction ofnaturaI frequencies. However, since the tangential displacements are still assumed to be linear across the shell thickness, there is less improvement in the accuracy ofthe modal tangential displacements and modal stresses. Furthermore, shear correction factors have to be used in order to adjust the transverse shear stiffnesses. To overcome these drawbacks, several refined shear deformation theories (displacement based) have been developed. These include the higher-order shear deformation theories based on nonlinear through thickness tangential displacement assumptions [5] [6] [7] and the discrete layer theories based on piecewise linear tangential displacement assumptions [8] . The latter are more capable ofmodelIing the warpage ofthe cross section ofa laminated shell with many layers. However, they are computationally expensive. The imposition ofthe continuity of transverse stresses at layer interfaces can be used to reduce the total number of dependent variables and save effort. Such a simplified discrete-layer theory (SDLT) has been presented in Reference [9] . However, since in that theory the transverse shear stresses are assumed implicitly to be nearly constant, that is not entirely satisfactory. Recently, a refined shear deformation theory with a modified model was presented. The tangential displacements are also assumed to be piecewise linear and the normal displacement constant across the thickness. In addition, the transverse shear strains across any two different layers are assumed to be linearly dependent on each other. The theory has been used to analyse bending and free vibration of laminated plates in References [10] and [11], respectively. The solutions ofthe theory were found to be in good agreement with the exact solutions of the three-dimensional theory of elasticity. Static analysis of laminated shells was successively given in Reference [12] . The present paper deals with the free vibration analysis of laminated shells. Symmetric cross-ply laminated cylindrical shells, symmetric and antisymmetric cross-ply cylindrical panels are calculated. The numerical results are compared with CLT, FSDT, SDLT and three-dimensional elasticity theory solutions.
Journal ofREINFORCED PLASTICS AND

FORMULAnON
Consider a shell of constant thickness h composed ofNt + N 2 + I thin layers of anisotropic material bonded together. A system of orthogonal curvilinear coordinates is defined by the coordinates a. and a2 corresponding to the lines of curvature on the middle surface of the shell and the coordinate z along the normal to the middle surface. The Lame's coefficients and the normal curvatures in the directions of al and a2 are denoted by AI, A2 and k l (=I/R.), k2 (=I/R 2 ) respectively. We assume that the thickness of the shell h is very small compared to the principal radii of curvature, i.e., k1h, k2h « 1. However, the value of span-to-thickness ratio may not be very large for a moderately thick shell. 
A. iJa.
As real transverse shear stresses are continuous between layers, we assume that the transverse shear strain components across any two different layers are linearly dependent on each other. So we have
I\.llY23 (3) where y:~)and y~~) represent the transverse shear strain components within layer zero. A~l (rs = 11,22, 12,21) are undetermined constants. Furthermore, the continuity ofinterlaminar tangential displacements has to be preserved. Hence, the tangential displacements ofpoints in every layer can be expressed in terms offive unknown functions: the displacements of points on the middle surface of the shell, U.(a., a2), U2 (at, a2) and W(al, a2), and rotations ofnonnals to mid-surface of (0)
h .
layer zero, l/JI (at, al) and l/Jl (at, a2) . T e expressIOns are
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where the definitions of t;:J and SCi) are the same as in Reference [11]0 Define
,,,(oJ aA
We neglect the transverse nonnal stress and obtain the expression for the strain energy density per unit area of the middle surface of the laminated shell as
the expression for the overall generalised force-strain relations is of the fonn
The expressions of the sub-matrices are the same as in Reference [12] .
We use the principle ofstationary potential energy presented in Reference [13] to derive the differential equations offree vibration and the equations thaty~? must satisfy. The former can be given as follows:
where (10) In Equation (9) w is the natural circular frequency, and Mil, etc., are coefficients and differential operators with respect to at and a2. The expressions for them are given in Appendix A. The set of Equations (9) The expressions for the coefficients R1I, etc., are also given in Appendix A. At each comer of the shell there is the additional requirement that
Furthermore, two independent sets of simultaneous linear algebraic equations which J..~: (i> 0 or i < 0) must satisfy, respectively, can also be obtained.
The coefficients of the algebraic equations consist of w 2 and area integrals defined with respect to the region ofthe middle surface of the shell. The integrated functions are expressed in terms of the amplitudes of the displacements and rotations and the strain components in Equation (5). The details are given in Appendix B. Coupling between the set of differential Equations (9) and two sets of algebraic equations arise through the coefficients in those equations. We have to solve them together using iteration methods. A procedure has been suggested in Reference [11] . In general the iteration process converges quickly.
EXAMPLES
The exact analytical solution ofEquation (9) for a general laminated shell under arbitrary boundary conditions is a difficult task. Here only the free vibrations of simply supported cross-ply circular cylindrical shells and panels are to be considered. The following three problems are solved: lay-up. The geometrical form and the lamina properties ofthe panels are the same as given in Problem 2. Fundamental frequency parameters w* = wh(P/ n 2 Gu)I/2 of the panels with hlL = 0.2, 0.3 and ¢ = 30°,60°,90°are calculated.
Let the axial and circumferential coordinates be denoted by x and 0, respectively, and let the axial ends ofthe cylindrical shells and panels be x = 0 andx =L.
In all problems, the following solution form is assumed:
It can be verified that in this case A~1 = A~l = 0 and the solution given in Equation (15) satisfies all the simply supported boundary conditions. Substituting Equation (15) into Equation (9) for cross-ply circular cylindrical shells, we obtain the solution for A, B, C, D, E and A~l , A~~with iteration procedure. For Problem I the circumferential wave number n in Equation (15) is to be selected to associate with the fundamental frequency. For Problems 2 and 3 there are n = 6, 3 and 2 in accordance with ¢ = 30°, 60°and 90°, respectively. In Table 1 , fundamental frequency parameters wfor Problem 1 are presented for differential values ofR/L and compared with corresponding exact frequencies given in Reference [14] , as well as corresponding results obtained by SOLT, FSOT (for a 5/6 shear correction factor) and CLT which were tabulated in Reference [15] . The superscript accompanying some ofthe numerical results in Table 1 indicates the circumferential wave number, 11, for which the fundamental frequency was detected. In any case that corresponding three-dimensional and shell theory predictions were obtained for the same value of11, such a superscript is omitted from the corresponding shell theory results. However, it has to be noticed that, for such short shells with L/h = 10, neighbouring values of11 result in slight or even negligible changes ofthe lowest frequency predictions independently of the shell theory employed. For instance, according to the present theory, for the shell with R/L =50, W =9.89629 for 11= 13 and w= 9.89632 for 11= 12. The difference between these lowest two values ofw is nearly imperceptible. It is shown in Table 1that the present theory gives more accurate results than SOLT, FSOT and CLT. The corresponding values ofA\~I) and A~I) for the present model are given in Table 2 . The middle two 90°layers of the shells are regarded as one layer, layer zero, in the present theory. The fundamental frequency parameters w* of the cylindrical panels in Problem 2 obtained using the present theory are given in Table 3 . They are compared with those given by CLT, as well as with those obtained by threedimensional theory which were given in Reference [16] . For all theories the fundamental frequency parameters are always higher for [00/90 0 ]s laminates than for [90 0 /0 0 ]s ones. It can be seen that the present theory gives much more accurate results than CLT. The corresponding values of)S: and A~~forthetwo kinds of laminates are given in Table 4 . Table 5 presents fundamental frequency parameters w* ofthe antisymmetrical cylindrical panels in Problem 3. The comparisons made in Table 5 show that the present theory also gives much more accurate results than CLT. The corresponding values of AY: and A~~for those panels are given in Table 6 . III and circumferential one liz were nomalized by dividing them by the radial displacement w at the surface z = -h/2. The results show that the present study is in good agreement with the exact elasticity solution given in Reference [16] . It means that the present theory can give good prediction of the modal tangential stresses. The modal transverse shear stresses can be accurately obtained by integrating the motion equations of three-dimensional elasticity if need be.
CONCLUSIONS
A refined shear deformation laminated shell theory published in Reference [12] has been used here to analyse the free vibration oflaminated shells. The theory contains the same number of dependent variables as first-order shear deformation theory, but the set ofgoverning differential equations is oftwelfth order. No shear correction factors are required. The theory can be used to analyse the free vibration of arbitrary laminated shells without limitation on the materials and the number oflayers and the direction ofthe ply angle. The numerical results for simply supported symmetric cross-ply cylindrical shells, symmetric and antisymmetric cross-ply cylindrical panels have been compared with those given by three-dimensional elasticity theory. From the results it can be seen that the present theory gives accurate predictions of both the natural frequencies and the modal shapes even for fairly thick laminates with a thickness-to-span ratio equal to 0.3. The present theory can be regarded as a direct generalization and improvement of the first-order shear deformation theory. Although the analytical solution of the equations can be obtained only in a few cases, one can use approximate methods, e.g., finite element methods, to obtain numerical solutions in other cases. In the present theory the undetermined constants A~; may be regarded as average values for the whole laminated shell. The values ofA~; are different for each normal mode. As every normal mode of a laminated shell can be approximately obtained with the present theory, then the orthogonality relations between any two different normal modes also exist approximately. If the responses of the laminated shell to dynamic loads have to be calculated, they can be obtained using the modal expansion technique. Using the present theory, one can predict accurately not only the normal displacements but also the tangential stresses, which are also important for dynamic analysis of laminated shells.
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